Econometrics Field Exam
Department of Economics, UC Berkeley
August 2025

Instructions:

e Answer both of the following questions.
e No books, notes, tables, or calculating devices are permitted.
e You have 180 minutes to answer all questions.

e Please make your answers elegant, that is, clear, concise, and, above all, correct.

[Question 1] Let Y = (Y1, Ys,...,Yr) and X = (X1, ..., X7) be T period-specific measures
of, respectively, a scalar outcome and a K x 1 vector of regressors for a randomly sampled unit
from the target population of interest. In each period the outcome is generated according to
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where A is a time-invariant unit-specific unobserved regressor and Uy X, A ~ N (0,0?)
for t = 1,...,T (and independent over time). We normalize \; = 1 and seek to use a
large random sample of observations from the cross-sectional population to learn about the
common parameter # = (3, Xa,..., Ar). The conditional distribution of A given X is left
unrestricted (i.e., our analysis is of the so-called “fixed effects” type).

All parameters coincide with their population values unless noted otherwise. Please
complete as much of the problem as you are able to do; in some cases it may be optimal to
skip parts.

(a) For simplicity, we will treat o?as known. Show that the conditional density of Y at
Y =y given X = x and A = a takes the exponential family form

f(ylx,a;0) = exp (s (x,y;0) + atr (x,y;0) — ur (x;6,a)), (1)
where
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(b)
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To further simplify the analysis assume that o2 is known to equal 1. Show that

tT(XY0 'XA~N<<Zt1 )A((ZLA?) At)).
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Using your result in part (b) further show that
, At
t=1""

[HINT: Use iterated expectations to exploit your answer in part (b) as well as properties
of the Gaussian distribution.] Why is this conditional distribution invariant to the
population distribution of A given X? Can you relate your answer to the exponential
family structure shown in part (a)?

Consider the following pair of moment vectors:
WM (Z:0) = (Y, — X!B) — <Z)\ (Y, — Xﬁ) t=2....T,
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Show that E [@bkt (Z;0)] =0fort=2,...,T and E Wﬁ (Z;6)] = 0. Provide a heuristic
justification for these moment restrictions. Verify that they are mean zero at the
population parameter. [HINT: Use your analysis in parts (b) and (c) above.]

“p* (Z;0) is conditionally mean zero given tr (X,Y;6) and X.” True or False? Ex-
plain. [HINT: Use your analysis in part (b) above.]

Consider the following “working model” for the distribution of A :
AlX ~ N (0,7%).
Use this “working model”, along with your result in part (b) to show that (under the

working model)
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E[Altr (X,Y;0),X] = (T ) 7

tT (X, Y; 9) .

Next show that
0 (Z:0) = 0™ (Z;0) x B[Altr (X, Y;0), X]

is mean zero at the population parameter irrespective of whether the working model
characterizes the sampled population. [HINT: Use your analysis in parts (b) and (e)
above.]



(2)

Specialize to the T' = 2 case with no regressors, such that the sole target parameter is
0 = X\o. Directly verify that
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is mean zero at the population parameter. Next verify that the method-of-moments

estimator which solves v
1 n
=30 (2 k) =0
N i=1

has a limit distribution of

x/N(XQ—A2> 2/\/(0,11;{—%323).

Now consider a hypothetical setting where A is, contrary to fact, observed. Show that
B[y (Z; A)| A] = 0,

and further that the efficient method-of-moments estimator based on this conditional
moment restriction solves
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with T (A, Z; \y) = A -1 (Z; \y) (where 1 (Z; \y) is given by (2)).

Show that the limit distribution of the estimator described in part (h) equals

VR (la=2) 2 (0 HAAJ

and hence that ratio of the asymptotic variance of the estimate in (h) to that in (g)
equals
E [A]
E[A” +V (A) ~

Provide some intuition for this result.




(j) Return to the setting where A is unobserved. Let
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for some a priori fized 72 and consider the method-of-moments estimator which solves
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Provide a (heuristic) justification this estimator [HINT: Interpret A; (\y) with reference
to your analysis in part (f).]. When do you expect this estimator to be an improvement
relative to the one introduced in part (g) above? Why? How might a researcher choose
72 in practice? Suggest up to three ways to choose 72 with a brief justification for each.

[Question 2] Suppose {y; : 1 <t < T} is an observed time series generated by the model
Ye = [+ Uy, Up = QU_9 + &4, t=1,...,T,

where ug = u_; = 0 and ¢; ~ d.i.d. N (0,1), while 4 € R and ¢ € (—1,1) are (possibly)
unknown parameters.

(a) Find the log likelihood function £ (i, @) .

(b) For f € (—1,1), derive i (f) = argmax, L (4, f), the maximum likelihood estimator
of 1 when ¢ is assumed to equal f.

(c) Find the limiting distribution (after appropriate centering and rescaling) of the “oracle”
estimator [ (o) .

(d) Give conditions on ¢ under which /i (q%) asymptotically equivalent to /i (¢) .
(e) Does ¢ = 0 satisfy the condition derived in (d)? If not, determine whether /i (0) is
asymptotically equivalent to [ (¢) .

(f) For m € R, derive ¢ (m) = arg max, £ (m, ¢) , the maximum likelihood estimator of ¢
when g is assumed to equal m.

(g) Find the limiting distribution (after appropriate centering and rescaling) of the “oracle”
estimator ¢ (p) .

(h) Give conditions on /i under which ¢ (ji) asymptotically equivalent to ¢ (1) .

(i) Does fip; g = T1 ZtT:l y; satisfy the condition derived in (h)? If not, determine
whether ¢(fio;¢) is asymptotically equivalent to ¢(u).



